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Abstract. Let 7V/f(R") be the class of functions p : R" — > [1, cxj] bounded away 
from one and infinity and such that the Hardy-Littlewood maximal function is 
bounded on the variable Lebese ue space L"'^''' {R"). We denote by M*(R") the 
class of variable exponents^ £ A^(R") for which l/p{x) = 8/po + {l — 9)/pi{x) 
with some po £ (l,oo), 8 £ (0, 1), and pi £ M(R"). Rabinovich and Samko 
|13) observed that each globally log-Holder continuous exponent belongs to 
A^*(R"). We show that the class A^*(R") contains many interesting expo- 
nents beyond the class of globally log-Holder continuous exponents. 
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1. Introduction 

Let p : M" — !> [1, cxo] be a measurable a.e. finite function. By i?'( )(M") wc denote 
the set of all complex- valued functions / on R" such that 



for some A > 0. This set becomes a Banach space when equipped with the norm 



It is easy to see that if p is constant, then Lp(')(]R") is nothing but the standard 
Lebesgue space L^'(R"). The space L^^'^W^) is referred to as a variable Lebesgue 
space. We will always suppose that 




:=inf{A>0:/p(.)(//A)<l}. 



1 < p 



essinfp(a:), esssupp(a;) =: p+ < oo. 



(1.1) 
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Under these conditions, the space L^'- ''(E") is separable and reflexive, and its dual 
is isomorphic to ( ^(R"), where 

l/p{x) + l/p'{x) = 1 (x e R") 

(see e.g. [SJ Chap. 3]). 

Given / e Ll^^iW''), the Hardy-Littlewood maximal operator is defined by 

Mf{x) -.^ supi- / \f{y)\dy 

Q3x \^\ Jq 

where the supremum is taken over all cubes Q C M" containing x (here, and 
throughout, cubes will be assumed to have their sides parallel to the coordinate 
axes). By A^(R") denote the set of all measurable functions p : M" — >■ [l,c»] 
such that (jl.ip holds and the Hardy-Littlewood maximal operator is bounded on 
LP(-)(M"). 

Assume that (jl.l|) is fulfilled. L. Diening [4] proved that if p satisfies 

\pi^)^Piy)\ < , , ^ (2^,2/ eM") (1.2) 

\og[e + l/\x -y\) 

and p is constant outside some ball, then p S M{M.'^). Further, the behavior of p 
at infinity was relaxed by D. Cruz-Uribe, A. Fiorenza, and C. Neugebauer [2 [3], 
who showed that if p satisfies (|1.2p and there exists a Poo > 1 such that 



b(.)-P.|<^^^^(^ ixewn, (1.3) 



then p e A^(K"). Following [H Section 4.1], wc wiU say that if conditions (|1.2p- 
(|1.3|) are fulfilled, then p is globally log-Holder continuous. 

A. Nekvinda [11] [12] relaxed condition (|1.3p . To formulate his results, wc will 
need the notion of iterated logarithms. Put 

eo 1, Gfe+i := exp(efe) for fc e Z+ := {0, 1, 2, . . . }. 

The function log^. x is defined on the interval (e^, oo) by 

logo ^ — a;, logfc+i X := log(logi, x) for k e Z+. 

For a > and k e Z+, put 

bk,a{x) := ---^(log^:" a;) {x > eu)- 
a ax 

Wc say that a measurable function p : E" [1, co] belongs to the Nekvinda class 
A/'(M") if conditions (jl.l|) - (jl.2|) are fulfilled and there exists a monotone function 
s : [0,oo) — > [l,oo) satisfying 

1 < inf s{x), sup s{x) < oo, (1-4) 

x&[0,od) x£[0,oo) 

and such that for some if > 0, fc e N, a > 0, 

ds 

— {x) < Kbk,a{x) for X > Cfc, (1.5) 
dx 
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and 

f ci/IP(^)-''(l^l)lda; < oo (1.6) 

J{xeR^:p{x)^s{\x\)} 

for some c > 0. According to [H Theorem 2.2], 7V(M") C M{M."). In particu- 
lar, all locally log- Holder continuous (that is, satisfying (|1.2p ') radially monotone 
exponents p{x) = s{\x\) with monotone s satisfying (|1.4p ~ (|1.5p belong to A1(K"). 

Observe, however, that A. Lerner [10] (see also [Sj Example 5.1.8]) constructed 
exponents p discontinuous at zero or at infinity and such that, nevertheless, p 
belong to 7\/((R"). Thus neither ([L2|) nor (fO]) is necessary for p £ 7\/((R"). For 
more informastion on the class A^(M") we refer to jSJ Chaps. 4-5]. 

Finally, we note that V. Kokilashvili and S. Samko [HI [9]; V. Kokilashvili, 
N. Samko, and S. Samko [7]; D. Cruz-Uribe, L. Diening, and P. Hasto [1] studied 
the boundedncss of the Hardy-Littlewood maximal operator on variable Lebesgue 
spaces with weights under assumptions (|l.ip - (|1.3p or their analogues in the case 
of metric measure spaces. 

We denote by A4*(M") the collection of all variable exponents p e A^(M") 
for which there exist constants po G (l,oo), 9 £ (0,1), and a variable exponent 
pi £M{R") such that 



P{x) Po Pi{x) 

for almost all x £ ffi". 

This class implicitly appeared in V. Rabinovich and S. Samko's paper |13) 
(see also [H]). Its introduction is motivated by the fact that the boundedness of 
the Hardy-Littlewood maximal operator on Lp^^'\W^) implies the boundedness 
of many important linear operators on L'p^'^'^W^) (see e.g. [SJ Chap. 6]). If such 
a linear operator is also compact on the standard Lebesgue space L^'°(R"'), then, 
by a Krasnoselskii type interpolation theorem for variable Lebesgue spaces, it is 
compact on the variable Lebesgue space L^''^'^(R") as well. 

In [131 Theorem 5.1] , the boundedncss of the pseudodifFerential operators with 
symbols in the Hormander class Si q on the variable Lebesgue spaces Lp^'^'R"-) was 
established, provided that p satisfies (|l.ip - (|1.3p . Then the above interpolation 
argument was used in the proof of |13[ Theorem 6.1] to study the Frcdholmncss 
of pseudodifferential operators with slowly oscillating symbols on L^'^'^(M"). In 
particular, the following is implicitly contained in the proof of |131 Theorem 6.1]. 

Theorem 1.1 (V. Rabinovich-S. Samko). If p : M" [l,oo] satisfies (|LT|) - (|L3l) . 
then p belongs to X*(R"). 

Recently we generalized }13[ Theorem 5.1] and proved that the pseudodiffer- 
ential operators with symbols in the Hormander class S^^g ^\ where < S < I 
and < p < 1, are bounded on variable Lebesgue spaces Lp(')(IR") whenever 
p e M{R") (see [6l Theorem 1.2]). Further, Theorem 1.3] delivers a sufficient 
condition for the Fredholmness of pseudodifferential operators with slowly oscillat- 
ing symbols in the Hormander class S^q under the assumption that p G A^*(R"). 
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The proof follows the same lines as V. Rabinovich and S. Samko's proof of [131 The- 
orem 6.1] for exponents satisfying (|l.ip - (|1.3p and is based on the above mentioned 
interpolation argument. 

The aim of this paper is to show that the class A^*(R") is much larger than 
the class of globally log-Holder continuous exponents. Our first result says that all 
Nekvinda's exponents belong to A^*(M"). 

Theorem 1.2. We have N{W) C M*{W). 

Modifying A. Lerner's example [10], we further prove that there are exponents 
in A^*(M") that do not satisfy (fO)) . 

Theorem 1.3. There exists a sufficiently small £ > such that for every a, /3 
satisfying < j3 < a < e the function 

p{x) = 2 + Q! + /3sin(log(log|a;|)x{a;eR":|x|>e}(a;)) (-^ e M") 
belongs to X*(R"). 

The paper is organized as follows. For completeness, we give a proof of The- 
orem ll.ll in Section [^?T] Further, in Section [^?^ we prove Theorem 1 1.2 1 Section [XT] 
contains A. Lerner's sufficient condition for 2 + q e A^(M") in terms of mean os- 
cillations of a function q. In Section 13.21 we show that Theorem 11.31 follows from 
the results of Section 13.11 



2. Nekvinda's exponents 

2.1. Globally log- Holder continuous exponents are contained in A4*(M") 

In this subsection we give a proof of Theorem ll.il A part of this proof will be used 
in the proof of Theorem 11.21 in the next subsection. 



Proof of Theorem^J\ Suppose p satisfies (fTT jl -lfO I . Let po e (1, oo), £ (0, 1), 
and pi be such that (|1.7p holds. Then 

If we choose po > P+, then for x £ R" , 

1 <Po-Op+<po- ep{x) <po- Op_ < Po. (2.2) 

Therefore 

(1 - 9)p^ < (1 - e)p{x) < piix) < po{l - e)p{x) < po{l - 9)p+. 

Hence (1 — 6)p^ < and {pi)+ < Po{l — (^)p+ < oo. If we choose 6 such that 

£ {0,1 — 1/p-), then 1 < (pi)- and thus pi satisfies (|l.ip . 
From pTTj) it follows that 

(po - &p{x)){po - 0p{y)) 
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Then, taking into account (|2.2p . we get 

\pi{x)-pi{y)\<pl{l~6)\p{x)-p{y)\ (a;,yeR"). (2.3) 

Now put 

po{l-0)poa 

PO - ^Poa 

where p^a is the constant from p.3p . Then 

Pi(^)-(Pi)oo^ ,^°(^,f^,f^'^-\ (.GR"). (2.4) 

(pO - Op{x))(po - Opao) 

From (lOI) it follows that 



Poo = Ihn p(a;). 

Hence poo G Therefore 

1 < po - 6*2?+ < Po - fi'Poo < Po - ^'p- < Po- (2.5) 
From (|2^ and (f23|) we obtain 

\pi{x) - (pi)ool < Po(l - -Pool- (2.6) 

From estimates p. 31) , (j2.6p and (|1.2I) , (|1.3p for the exponent p we obtain that the 
exponent pi satisfies (|1.2p and (|1.3p . Therefore pi G A1(R") and thus p belongs 
to M*{W^). □ 

2.2. Proof of Theorem O 

Suppose p e A/'(M"). Let po e (1, oo), 6 e (0, 1), and pi be such that ()1.7p holds. 
In the previous subsection we proved that if po ^ P+ a-nd 9 G (0,1 — l/p_), then 
pi satisfies (|rT|) - pr2|) . 

Since p G A/'(M"), there exists a monotone function s : [0,oo) — > [l,cxo) such 
that (iri])-((LS]) are fulfilled. Let 

^i(^):= "°^^"7f (.>0). (2.7) 
Po - Os{x) 



Put 



,s_ := inf s[x), Sj^ := sup s{x). (2. 



We will choose po and 6* subject to 

Po > max{p+, s+}, G (0,min{l — 1 — l/s_}). 

Then, for x G [0, cxd), 

1< Po - 6*5+ < Po - Os{x) < Po - 6ls_ < Po- (2.9) 
Therefore, for x G [0, cxd), 

(1 - 6i)s_ < (1 - 6)s{x) < si{x) < po(l - e)s{x) < po(l - 9)s+ 

and 

1< (l-0)s_ < (si)_, (si)+ <po(l-e)s+ < oo, (2.10) 
where (si)_ and (si)_|- are defined by (|2.8p with si in place of s. 
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If s{x) < s{y) for x, y G [0, oo), then 

Po - Os{x) >po- 9s{y), po{l - e)s{x) < po{l - e)s{y). 



Thus 



Po{l-9Mx) ^ poil~0)siy) 



Po - 6s{x) Po - 6s{y) 

that is, Si is monotone. 

It is easy to see that for almost ah a; > 0, 



dsi 



(x) 



pI{i - e) ds 



dx ^ ' [po — 6s{x)Y dx 
Taking into account (j2.9p . we obtain 



ix). 



dsi 
dx 



(x) 



<pI 



ds 
dx 



(x) 



{x > 0). 



(2.11) 



From (Prj) and (^77)) we get 

E:^{xe M" : p{x) ^ si\x\)} = {a; e M" : ^ Si(|a;|)} 

and for x ^ E, 

' (po-ep(x))(po-e.s(N))- 
From this cquahty and incquahtics (|2.2p and (|2.9p wc get for x £ E, 

(1 - - s{\x\)\ < \pi{x) - < pI{1 - 0)\p{x) - s{\x\)\. 

Therefore, there is a constant M > such that 

c^/\pi(^)~^i{\mfix<M ( ci/W^^-'^d^Dldx. (2.12) 
; J E 

Since s satisfies ((0|) - ((TT^ . from (P?TU1) - (P?T^ it follows that si satisfies pTi)) - 
((LH)) . too. Thus pi e 7V(R"). By [HI Theorem 2.2], pi e A^(M"), which finishes 
the proof of p e □ 



3. Lerner's exponents 

3.1. Sufficient condition for 2 + q 6 At(M") 

Let / G Lj„^(R"). For a cube Q C M", put 

We recall that the mean oscillation of / over a cube Q is given by 
m,Q) :^ j^J^lfix) - fgldx. 
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Lemma 3.1. If F: ^ is a Lipschitz function with the Lipschitz constant c and 
f G ^[^^.(M") is a real-valued function, then for every Q C M", 

n{Fof,Q)<2cn{f,Q). 

Proof. It is easy to see that 

^{f,Q)<T^I ! \f{x)-f{y)\dxdy<2n{f,Q). 



\Q\ 



QJQ 



From this estimate we immediately get the statement. □ 
Given any cube Q, let 

1{Q) log(e + max{|Q|, \Q\-\ \ ceng |}), 
where ceng is the center of Q. 
Lemma 3.2 (see [TOl Proposition 4.2]). // 

L{x) := log(log \x\)x{xm^:\x\>e}{x) {x £ M"), 

then 

sup £{Q)n{L,Q) < oo. 



Theorem 3.3 (see |10[ Theorem 1.2]). There is a positive constant fin, depending 
only on n, such that for any measurable function q : R" — > R with 

< q_ := essMq{x), ||g||L^(R") + sup i{Q)n{q,Q) < fi^, 

x6R" QCR" 

we have 2 + qe 7W(R"). 
3.2. Proof of Theorem O 

Let the function L be as in Lemma [3.21 Suppose a > P > and put 

F{x) -.^ a + 13 sin X (x e M) 

and 

qiy):=F{Liy)), p{y) := 2 + q{y) (y G R"). 

Then 

q-=a-l3>0, |j(7||ioc(Kr.) = a + ^ < oo. (3.1) 
From Lemma 13.21 we know that 

Cl :== sup e{Q)n{L,Q) < oo. (3.2) 



Since _F is a Lipschitz function with the Lipschitz constant equal to /?, we obtain 
from Lemma |3. II that 

sup e{Q)n{q,Q)= sup £{Q)n{F o L,Q) 

QCR" Qcffi" 

< 2/3 sup e{Q)n{L, Q) = 2I3Cl. (3.3) 

QcR" 
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From pTl) . ((33)) . and < a it follows that 

||g||ioo(R„) + sup Q)<a + P + 2I3Cl < 2a(l + Cl). (3.4) 



Fix 6 E (0, 1) and take the function G such that 

1 e i-e 



2 + F{x) 2 2 + G{x) 
Then 

1 1/1 6l\ 2-e{2 + F{x)) 



2 + G{x) l-9\2 + F{x) 2 J 2(1 - e){2 + F{x))' 

Therefore 

^,y_ 2il-0){2 + F{x)) 
2-e{2 + F{x)) 
_ 2(1 -e){2 + F{x)) - 4 + 261(2 + F{x)) 
^ 2-6{2 + F{x)) 

_ 2{2 + F{x))-A 
^ 2-e{2 + F{x)) 

2F{x) 
^ 2-e{2 + F{x)) 

2F'{x){2 -26- 0F{x)) + 20F{x)F'{x) _ 4(1 - 9)F'{x) 



and 



G'ix) 



[2-9{2 + F{xW [2-d{2 + F{xW 

Since a > /3 > 0, we have F{x) > for a; G R and then 

2-26 - eF{x) <2. (3.5) 

Hence 

^(-)- 2-2Tit(.) >^(-)- 
If we take 6 = 1/(2 + a + /?), then 9{2 + F(a;)) < 6'(2 + a + /3) = 1. Therefore 
2 - 61(2 + Fix)) > 2 - 1 = 1. Hence 

and 

Thus G is Lipschitz with the Lipschitz constant equal to 4/3. 

Put qi{y) := G{L{y)) for y £ R". Then from it follows that 

{qi)->a-/3>0, ||gi|Uoc(K.) <2(a + /?). (3.8) 

Further, from (13.71) and Lemma l3. II we obtain 



sup ^(g)f}(gi,Q) sup ^(Q)r2(G'oL,0) < 8/3Cl. (3.9) 

QCK" 
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From ([3^ - ((3^ and (3 < a we deduce 

llgilUoo(Kn) + sup eiQMqiM) <2{a + (3) + 8/3Cl < Sail + Cl). (3.10) 

QCK" 



Let Hn be the constant from Theorem 13.31 Put 



■ 8(1 + 

If < /3 < a < £, then from dHU), (03) and dSH]), (P1I7| it follows that g_ > 0, 
{qi)~ > 0, and 

lkllL==(R") + sup £{Q)rt{q,n) < Hn, \\qi\\L-°(M") + sup e{Q)n{qi,rt) < ^in- 

QCR" QCR" 



By Theorem [311 p := 2 + g G X(R") and pi := 2 + qi £ >1(K"). Hence, ([L7)) 
holds with 6* = 1/(2 + a + G X(M") and po = 2. Thus p G X*(M"). □ 
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